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5_( , Abstract. If M is a submanifold of a space form, the nullity distribution M of its 

second fundamental form is (when defined) the common kernel of its shape operators. 
In this paper we will give a local description of any submanifold of the Euclidean space 
by means of its nullity distribution. We will also show the following global result: if 
M is a complete, irreducible submanifold of the Euclidean space or the sphere then its 
complementary distribution AT is completely non integrable. This means that any two 
points in M can be joined by a curve everywhere perpendicular to Af. We will finally 
^"*^ ' show that this statement is false for a submanifold of the hyperbolic space. 
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1. Introduction 

Let M n be a submanifold of a space form Q n+k . The nullity distribution J\f of the 
second fundamental form of M is defined as the common kernel of the shape operators of 
M. The index of nullity (or relative nullity) of M at p is the dimension of N p . It is well 
^r^ \ known, from Codazzi equation, that M is an autoparallel distribution restricted to the 

open and dense subset of M where the index of nullity is locally constant. Moreover, its 
integral manifolds are totally geodesic submanifolds of the ambient space Q n+k . If M is 
complete, and one restricts to the open subset U of points of M where the index of nullity 
is minimal, then the integral manifolds of M through points of U are also complete (see 
^ ■ for instance |Daj90[ Ch. 5] or |Fer71| ). 



Observe that for an Euclidean submanifold, the nullity distribution arises naturally 
in many problems since N = ker(dG), where G : M — > Gfc(M ra+fc ) is the Gauss map. 
Moreover, there are many examples of complete submanifolds of the Euclidean space with 
constant index of nullity and some of them can be obtained from the so called Gauss 
parametrizations, which involve the Gauss map (see |DG85| ). 

In this paper we will study the perpendicular distribution % := (AT)- 1 . 

For a general distribution Dona Riemannian manifold, it is an interesting problem to 
decide whether it is completely non integrable, in the sense that any two points can be 
joined by a curve always tangent to T> (this means that the Carnot-Caratheodory distance, 
associated to P, is finite |Gro 99]). For the case of submanifolds, a very important result 
about completely non-integrability, is the so called Homogeneous Slice Theorem |H0T91j . 
which has many important applications (see [BCO03] . [Tho91j ). It states, in particular, 
that for an irreducible complete (connected) isoparametric submanifold of the sphere, one 
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can join any two points by a curve always perpendicular to any given eigendistribution of 
its shape operator. 

Our main goal is to prove a general global result about the non-integrability of the 
distribution % for submanifolds of the Euclidean space or the sphere. Namely, 

Theorem 1. Let M be an immersed, complete, irreducible submanifold of the Euclidean 
space or the sphere with constant index of nullity. Then any two points of M can be joined 
by a curve always perpendicular to the nullity distribution. 

Observe that, in general, the canonical projection pr : M — > M/Af, where M/Af is the 
set of all maximal integral manifolds of Af, is not a Riemannian submersion. 

If we drop the assumption that the index of nullity is constant, then Theorem Q] still 
holds on any connected component of the open subset where this index is minimal. On 
the other hand, the assumption of completeness can not be removed. In fact, there are 
abundant many local counter-examples of the above theorem obtained as the union of 
suitable parallel manifolds. Moreover, Theorem 13.11 shows that any local counter-example 
arises in this way. 

Theorem [T] is not true for submanifolds of the hyperbolic space (see remark \4. 2\\ . 

For infinite dimensional isoparametric Hilbert submanifolds of codimension at least two, 
a similar result to Theorem [1] was proved by Heinzte and Liu in |HL99| , using strongly 
the isoparamatricity condition. This was a crucial step in the proof of the homogeneity 
of this type of submanifolds [HL99]. Theorem [T] shows that, in finite dimension, the non- 
integrability of the distribution Af ± is a very general global fact, that does not depend on 
any extra property of the submanifold. 

2. Basic definitions and general properties 

2.1. The nullity distribution. Let M be an n-dimensional (immersed) Riemannian 
submanifold of a (simply connected) space form, i.e., the Euclidean space M n+fc , the sphere 
gn+fc Qr ^ e hyp erD0 ii c space H n+fc . We denote by V the Levi-Civita connection of M 
and by V the Levi-Civita connection of the ambient space form. We will always denote 
by vM := TM 1 - the normal bundle of M endowed with the normal connection V -1 -. The 
second fundamental form of M will be denoted by a and the shape operator by A. These 
two tensors are related by the well known formula 

(a(X,Y),0 = (A^X,Y), 

which is symmetric in X and Y, for any X, Y tangent fields and £ normal field. 

The connection V in TM vM will be denoted by V. The Codazzi equation 
states that ((VxA^F, Z), or equivalently (Vxa)(F,Z), is symmetric in X, Y, Z. 

The nullity subspace of M at p is the subspace Af p of T p M defined by 

M p := {x € T p M : a(x, ■) = 0} = f] ker(^). 
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If M C R n+k then Af p coincides with ker(dG p ) where G : M -> G k (M. n+k ) is the Gauss 
map that assigns to each point p € M its normal space u p M. 

Let fj,(p) := dim(A^>), which is called the index of nullity of M at p. Let C be the set 
of points p£M such that [i is constant in a neighborhood of p. Then it is standard to 
prove, since \x can not increase locally, that C is an open and dense subset of M and so fi is 
constant on each connected component of C. Moreover, from Codazzi equation, it follows 
that Af : p — > Afp defines a C°° autoparallel distribution (and hence with totally geodesic 
integral manifolds) on each connected component of C. It is not difficult to see that its 
integral manifolds are also totally geodesic in the ambient space form. If M is complete, 
then any (maximal) integral manifold of Af through a point with minimal index of nullity 
is complete (see [Fer71| ). Then 

Lemma 2.1. Let M be a complete Riemannian submanifold of a space form with constant 
index of nullity. Then Af is a C°° autoparallel distribution of M whose integral manifolds 
are complete and totally geodesic in the ambient space. 

Under the assumptions of Lemma 12.14 denote by M/Af the set of maximal connected 
integral manifolds of TV and let pr : M — > M/Af be the projection to the quotient. 

Recall that a coordinate chart (U, if = (x 1 , • • • , x n )) of M is called plane for the distri- 
bution Af if for each a = (a , • • • , a n ) E cp(U), the slice 

S a = {q e U : x l+1 (q) = a l+1 , • • • , x n (q) = a n } 

is an integral manifold of Af, where I is the constant index of nullity of M . 

From Frobenius theorem, there exists a plane chart (U, ip) around each point that inter- 
sects each integral manifold of TV in a disjoint countable union of slices of (U, ip). Since the 
integral manifolds of Af are totally geodesic in the ambient space form, it is not difficult 
to see that there is a plane chart around each point, that intersects each integral manifold 
of Af in at most one slice. Then the distribution Af is regular. 

We give M/Af the quotient topology and so pr is open (see [Pal57]). From the fact 
that the integral manifolds of Af are totally geodesic in M one has, as it is not difficult to 
show, that 7Z = {(x,y) € M x M : pr(x) = pr(y)} is closed in M x M. This implies that 
M/Af is a Hausdorff space (see |Kel75j ) and therefore it is a differentiable manifold (see 
[PaI57| ThmVIII,ChI]). 

2.2. Fiber bundle structure. All throughout this section, M will be a submanifold of 
the Euclidean space or the sphere. 

Recall that given three differentiable manifolds E, N and F we say that it : E — > iV is 
a fiber bundle with standard fiber F, if 

i) 7r is a C°° suryective map; 

ii) there is an open covering hi of such that for every U € U there exists a differ- 
entiable map ^ : 7r _1 ([/) — > F such that the function 

:= (Tr,*) : 7T -1 (J7) -*U x F 
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is a diffeomorphism. 

The map ^ is called a local trivialization for the fiber bundle. 

The projection tt is a submersion and for every p € iV, the fiber = 7r _1 (p) is an 
embedded submanifold of E diffeomorphic to F. Moreover, if (U, is a local trivialization 
such that p € U, then the diffeomorphism is given by ^\e p - 

Consider now the group Diff(F) of diffeomorphisms of F and let (tt, 0), (tt, \E') be local 
trivializations over open sets U and V on N. Then the function /e,* : U D V — > Diff(F) 
given by /e,*(p) = 60 is called the transition function between both trivializations. 
The fiber bundle tt : E — > N is said to have structure group G if any transition function 
takes values in a subgroup G of Dif f(G). 

Denote by A n the space M. n with its natural affine structure. A fiber bundle tt : E — > iV 
with standard fiber A n is an affine bundle if each fiber E p has an affine space structure 
such that for every local trivialization (tt, ^\e p '■ E p — > A n is an affine isomorphism. 
Equivalently, 7r : E 1 — > N is an affine bundle if it has structure group Af f(n) := GL(n) ix 
M n , the group of affine transformations of A n (analogous to [P008I, Prop. 1.14]). 

A fiber bundle with standard fiber §> n is called a sphere bundle. Then: 

Lemma 2.2. Let M be a complete submanifold of the Euclidean space or the sphere with 
constant index of nullity I and let Af be its nullity distribution. Then pr : M — > M/Af is 
an affine bundle if M is a Euclidean submanifold and it is a sphere bundle with structure 
group 0(1 + 1) if M is a submanifold of the sphere. 

Proof. The proof is standard, but we include it since it is difficult to find in the bliography 
and we will need some of the notation introduced here. 

In order to simplify the notation, we will assume that M is a 1 — 1 immersed submanifold. 
Let (U,cp = (x , • • • ,x n )) be a plane regular chart of M with respect to Af, such that 
£ f(U). Let / be the constant index of nullity of M. Then there exists a unique (n — l)- 
dimensional chart Jp in M/Af with domain U = pr(U) such that Tp o pr = (x' +1 , • • • , x n ) 
(see [Pal57j ) . Define the local section a : U — > pr _1 ([7) by o~(r) = ip~ 1 (jo('(p(r))), where 
jo : M."~ l -> R n is the inclusion j (x l+1 , ■■■ , x n ) = (0, • • • ,0, x l+1 , ■ ■ ■ , x n ). 

Let us begin with the case M C R n+k . Set M r := pr" 1 ^). From Lemma EU M r = 
p + T p M r for any p € M r (identifying M r with the corresponding subspace of M n+fc ). Set 
Xi(r) = (d/dx l ) a ( r ^ G W n+k via this identification. So, if r S U then any element x of M r 
is of the form 

I 

x = cr(r) + v l Xi(r). 

i=l 

For (r, (v 1 ,- ■ ■ ,v 1 )) gTJxA 1 , define p(r, (v 1 ,- ■ ■ ,v 1 )) = a(r) + X)Li ^X^r). Then it is 
not difficult to see that p is a diffeormorphism from U xA l into pr _1 (J7) and so \P = p^ 1 is 
a local trivialization for pr : M — >• M/Af. It is clear from this construction that transition 
functions are affine. 
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If M C S n+k . Then M r is the /-sphere in the (I + l)-dimensional linear subspace 
(1) L r :=T a{r) M r ®Ra(r) 

of M ra+fc+1 (regarding M as a submanifold of R n + fc+1 an d identifying T a u.)M r with the 
corresponding subspace of R n+fc+1 ). Let {Ei} be the (local) orthonormal frame of TM 
obtained by applying the Gram-Schmidt orthogonalization process to {(d/dx 1 )}. Set 
p : U x S l ^ pr _1 (C7) as 

I 

(r, (v 1 ,---, v l+1 )) i y £ viE M r )) + v l+1 <j{r). 

i=l 

Then it is not difficult to see that p is a diffeormophism and ^ = p^ 1 is a local trivialization 
for pr : M 4 M/M. It is clear from construction that the transition functions are in 
0(1 + 1). □ 

Given a piece-wise differentiable curve c : / — > M we say that c is horizontal with 
respect to M if c '(t) _L A/jw, for every t £ I. Given a curve c : I —> M/M we say that 
c : / — > M is a horizontal lift of c if c is horizontal and pr(c(t)) = c(t) for every t G /. 

As for the case of a vector bundle with a linear connection, one has that any curve in 
M/M can be globally lifted. Namely, 

Lemma 2.3. Let c : I — > M/M be a (piece-wise differentiable) curve and let p be any 
point in pr _1 (c(0)). Then there is one and only one horizontal liftc of c to M such that 
c(0) = p (called the horizontal lift of c through p). 

Proof. Let c : I —> M/M be any curve in M/M. It is standard to see, from basic ordinary 
differential equation theory, that it suffices to prove the following: for every b £ I there 
exists an open interval Jb C I such that b G Jt and such that for every initial condition 
z e pr~ 1 (c(6)), there exists a horizontal curve Cb jZ : Jb — >• M which projects down to c and 
such that Cb :Z (b) = z. 

As for any submersion, we have that for every zq £ pr _1 (c(6)) there exists a horizontal 
lift c z of c with maximal domain J ZQ such that c z (b) = z, for every z in a neighborhood of 

Zq. 

So, if M C S n+fc , the result follows from the fact that the fibers are compact. 
If M c R n+k , let 

QOiQii ' ' ' iln form an affine frame on pr 1 (7(6)). Set Jb — nf =0 J qi . 
Then if z <G pr~ l (b), z = qo + Y17=i ^(li ~ Qo) an d it is not difficult to see that q, ;2 (i) = 
c qo(t) + SiLo v% { c qo(f) ~ c ?i(*)) i s curve we were looking for. □ 

We can now define a parallel displacement in pr : M — > MM. For r G M/M, set 
M r := pr _1 (r). Given a (piece-wise differentiable) curve c : [0, 1] — > M/M we define the 
M-parallel displacement : M c ( ) — >■ ^ c (i) as 

r c ^(p) := ^(1) 

where c p is the horizontal lift of c through p. 
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Since every horizontal lift c(t) of c is perpendicular to the family of totally geodesic 
submanifolds M c u\, one has (see e.g. [ Olm05l Lemma 2.8]) 

Lemma 2.4. Let c : I — > M/J\f be a curve in M/N ' ■ Then the parallel displacement 
: M c ( ) —7- M c (!) is an isometry □ 

If r G M/N, we denote by Q(r) (resp. f2°(r)) the set of (piece-wise smooth) loops (resp. 
null-homotopic loops) in M/N based at r. The holonomy group (associated to N) based 
at r G M/N is 

$ r := {^:c£ Q(r)} C Iso(M r ) 

and the restricted holonomy group (associated to N) based at r is the connected subgroup 

$0 := {t N : c G Q°(r)} C Iso (M r ). 

It is standard to prove, as in the case of a linear connection (see |Poo8H Teor. 2.25] or 
[KN63] ) that <5 r and &® are Lie groups and that is the connected component of the 
identity in <£ r . 

The locai holonomy group (associated to N) based at r G M/N is defined by 

^° c = p|$ (r,Z7) 

varying U among all open neighborhoods of r, where $°(r, U) = {r^f G Q®. : c C U}. 
One has that there is an open neighborhood U of r such that <£j° c = <I> (r, V) for every 
neighborhood V of r contained in [/ (see (KN631 Prop. 10.1]). Let 

(rfn&r) := {(r^)- 1 o o r c ^ : G < oc }. 

Then one has the following Ambrose-Singer type theorem, which will be very useful to 
prove our main global result. 

Lemma 2.5. Let C be a dense subset of M/N. Then the restricted holonomy group &® is 
generated by the groups T ^( < l ) c°i)) var V^ n 9 c among all piece-wise differentiable curves in 
M/N such that c(0) = r and c(l) G C. 

Proof. The proof is similar to the case of a linear connection and we shall indicate its main 
steps. 

For each r G M/N, set M r = pr _1 (r). 

We will start assuming that M C M n+fc . Let A(M r ) denote the set of affine isomorphisms 
h : A 1 ->• M r , and set A(M) := [] reM/M A(M r ). Let vr : A(M) ->■ M/jV be the canonical 
projection (i.e, ir(h) = r if h G 4(M r )). Then j4(M) is a principal fiber bundle with 
structure group Aff(l) (see |KN63} Ch. Ill, sec. 3]). 

As for the case of the connection on the frame bundle defined by a vector bundle with 
a linear connection, one can prove that there is a unique connection T on A(M) such 
that the corresponding parallel displacement r is related to in the following way (see 
[P008I] ). If h G A(M r ), then {h(0), h(ei), ■ ■ ■ , h(ei)} is an affine frame on M r , where Ci 
are the canonical versors in R . Let c : I — > M/N be a differentiable curve such that 
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c(0) = r and let qo = (h(0)), qi = (h(ei)), then T c (h) is the affine isomorphism from 
A 1 to M c m that maps into go and e\ into i = 1, ■ • • , I. 

Given h G A(M), let <fr^ and 4>i° c denote the restricted and local holonomy groups of 
T based at h, respectively (recall that <1>° is the set of elements g G Aff(l) such that 
T c (/t) = ho g for some curve c G 0°(7r(fo))). If vr(/i) = r then the map Th(g) = h o g o /i -1 
defines an isomorphism from to 3>J? and from <l?^ c to <3?J. oc . 

Now, without almost any modification of the proof of Ambrose-Singer holonomy the- 
orem fKN63l Thm. 8.1] and its consequence {KN631 Thm. 10.2] we can prove that the 
restricted holonomy group <i>^ i s generated by the local holonomy groups varying / 
in any dense subset U of the holonomy bundle P(h) (i.e, the set of elements that can be 
joined to h by a horizontal curve). So ^(h) * s g enera ted by the groups T/j(<l>y oc ) varying 
/ as before. Now let U = ^(C) n P(h). If / £ U, then / = r c (h) for some c : I -> M/N 
such that c(0) = 7r(/t) and c(l) = vr(/) G C. From the way r and are related it is 
not difficult to prove that if g G <3?j oc then g = / _1 o o / for some G $ffif\ and 
r h (5) = (r^)" 1 o 7^ o t^". So T h ($f c ) = t?(&%) as we wanted to prove. 

If M C S n+k , consider the principal fiber bundle A(M) := \J reM/jV A(M r ) with struc- 
ture group 0(1 + 1) such that A(M r ) is the set of isometries from §' to M r . Observe that 
the elements of A(M) are in a 1 — 1 correspondence with the set of orthonormal basis of 
the subspace L r defined by ([I]). The proof follows in the same way as for a submanifold 
of the Euclidean space. □ 

2.3. Foliating a spherical tube by holonomy tubes. The technics of this section are 
mainly inspired on [CDO09 . 

Let M be a submanifold of W 1 . Assume that there exists a positive real number e such 
that the spherical tube 

N := S £ (M) = {q + : q G M,£ g G v q M, = e} 

is a well defined hypersurface of W 1 (locally this is always true). Consider the canonical 
projection 

7r : N -+ M, q + ( q ^ q 
and the (radial) parallel normal vector field \l/ on N given by 

ty(x) = tt(x) — x. 

Then M is the parallel focal manifold to N and ir is the usual parallel focal map. 
Since we will work locally, both in M and in N, we may also assume that N has constant 
index of nullity. 

Let Eq = ker(j4^,), where by A we denote the shape operator of N. Then Eq is the 
nullity distribution of N, since N is a hypersurface. 
For each x G N, set 

S( X ) = TT- 1 ^)). 

Let Ex = ker(/d — Aq,) = ker(d7r). Then E\(x) = T x S(x) for every x G N. 
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Regard iV and M as submanifolds of the (n + 2)-Lorentzian space L n+2 , identifying W 1 
with an n-dimensional horosphere of the hyperbolic space HP" 1 " 1 . Denote by r\ the radial 
normal vector field n(x) = —x to H n+1 and set ^ := 5^ + n, for some small 5 such that 

is timelike. Then 

ker(Id - A^) = E . 
We can foliate ./V by the holonomy tubes 

H(x) = (JV$)_ $(x) c N 

(locally, see [BCO03J. We shall further assume that these holonomy tubes have all the 
same dimension, since we work locally 

If x, y € N, we will denote x ~ y if x and y can be joined by a differential curve in N 
everywhere normal to Eq. Then H(x) is locally given by 

H(x) = {y G N : x ~ y} 

(see [CD()09| . cf. |H()T91| ). Since for every x £ N, TS{x) _L E we get that 

S(x) C H{x). 

We now consider the distribution v on N given by the normal spaces in N to the 
holonomy tubes H{x). We will need the following result from [CDO09, Prop. 2] 

Lemma 2.6. [CDO09J With the above notations, 

(1) the distribution v is autoparallel, invariant under the shape operator of N and 
contained in the nullity of N . Moreover, if S(x) is the integral manifold of v 
through x, then 

S(x) = (x + v x H{x)) n N. 

(2) The restriction ofu to any H(x) is a parallel and flat sub-bundle of vqH{x), the 
maximal parallel flat sub-bundle of vH(x). Moreover moves parallel in the 
normal connection of the holonomy tube H{x). 

(3) If x E S(g), then there is a parallel normal field ? to H(q) such that s(q) = x — q 
and such that H(x) = H{q)<;. 

□ 

We aim to prove that E, and hence v, are constant along the fibers of tt. 
Note that H{x) has flat normal bundle, since 

Observe that ^ can be regarded as the curvature normal associated to the eigenvalue 1 
of the shape operator Aq, of the hypersurface N. On the other hand, TN\ H r x \ = v\h( x ) © 
TH(x) with v A-invariant. Then H(x) is ^-invariant. Finally, since S(x) C H(x) we get 
that (-Ei)|#(,j,) C TH(x). It then follows that ^ := ^\h(x) is a parallel curvature normal 
of H(x) for every x € N (see Lemma 1 in [CD O09| ). 
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Let us consider E(x), the totally geodesic integral manifold of v through x. Since 
v C Eo, then TE(x) is contained in the nullity distribution of N and therefore E(cc) is 
totally geodesic as a submanifold of M. n (recall that the integral manifolds of the nullity 
distribution are totally geodesic in the ambient space). 

Fix x € N and let y £ E(x). Let ? be the parallel normal vector field to H(x) such that 
(,{x) = y — x given by Lemma 12.61 ([2]). Let now z € H(x). We shall see that ? is constant 
in the ambient space along S(z) C H(x). 

In fact, since ^ and <; are both parallel and ? is tangent to the totally geodesic subman- 
ifolds E, we get that = 0. On the other hand, given an arbitrary curve c(t) C S(z), 

since TE is contained in the nullity of N, one has 

^(c(t))=A^c'(t) = (^)c'(t)^0. 

So ? is constant along c in the Euclidean ambient space. 

It now follows from Lemma 12.61 (|2]) that if z € H{x) and w € S(z), then 

(2) E(z) = EH + [z - w). 

Observe also that, since S(rc) is contained in an integral manifold of the nullity distribution 
of N, then the parallel normal field ^ is constant in the ambient space along So, if 

z G H(x), since z + ?(z) G then 

(3) V(z) =*(z + <;(z)). 

Equation implies that E, and hence u, are constant along the fibers of tt. And 
equation ([3]) implies that v projects down to a well defined distribution on M. Therefore 
we get the following lemma which is standard to prove (cf. [T]DO09j Section 2.5]). 

Lemma 2.7. The distribution v projects down to a C°° integrable distribution v* = 
in M which is autoparallel and contained in the nullity distribution of M . If p € M 
then E*(p), the integral manifold of v* through p, is a totally geodesic submanifold of the 
Euclidean ambient space and for any x € 7r _1 (p) 

E*(p) = E(x) + V(x). 

The orthogonal complementary distribution 7i* to v* in M is integrable, invariant under 
the shape operators of M and the integral manifold through p € M locally coincides with 
it(H(x)), for any x G n~ 1 (p). Moreover, the restriction of u* to ir(H(x)) is a parallel and 
flat sub-bundle of the normal space v(tt(H(x))) in the ambient space. □ 

Remark 2.8. As a consecuence of the previous lemma, one gets that any parallel normal 
vector field to H{x) (tangent to N) projects down to a parallel normal vector field to 

7T(H(X)). 

Remark 2.9. Observe that since v* C A/", then is contained in H*, which is integrable 
(unlike A/ --1 ). This will be a key point to prove both the local and the global results. 
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2.4. Some remarks on polar actions. Let Q be a space form. A Lie group G C Iso(Q) 
is said to act polarly on Q if there exists a complete, embedded and close submanifold S 
that intersects each orbit of G and is perpendicular to orbits at intersection points. The 
submanifold S is called a section and it must be totally geodesic. The major property 
of polar actions is that maximal dimensional orbits are isoparametric submanifolds (see 
[PT88j . [BCO03J). A point p such that the orbit G ■ p is maximal dimensional is called a 
principal point. 

The following property is very simple to prove and will be very useful in the following 
sections. 

Lemma 2.10. Let Q be a space form and let G C Iso(Q) be a Lie group such that its Lie 
algebra q is linearly spanned by the Lie algebras Qi, i G /. Let G{ C Lso(Q), i G L be the 
Lie group associated to the Lie algebra Q{. If each Gi acts polarly on Q, then the action 
of G is polar (a section for the G-action through a point p is obtained by intersecting the 
sections for the Gi-actions through p) □ 

The action of G is said to be locally polar if the distribution given by the normal 
spaces to maximal dimensional orbits is integrable (and hence with totally geodesic integral 
manifolds). The group G may not be closed but the maximal dimensional orbits of an 
action that is locally polar form a parallel family of isoparametric submanifolds, and so 
the closure of G acts polarly on Q and has the same orbits as G (see |PT88] . [BCO03], 
[HLO06]). Therefore we shall make no difference between a polar action and a locally 
polar action. The following lemma is standard to prove. 

Lemma 2.11. Let G be a Lie subgroup of Iso(Q). Assume there is an open subset U 
of Q such that the normal spaces of the orbits through points of U define an integrable 
distribution on U. Then the action of G is polar. 

3. The Local Theorem 

Theorem 3.1. Let M be a submanifold of the Euclidean space M. n or the sphere S n and 
let M p be the nullity subspace of M at p G M. If U is an open subset of M and p,q € U , 
denote by p ~u q ifp and q can be joined by a curve c contained in U such that c'{t) _L ftf c M 
for every t. Let \p]u be the equivalent class {q G U : p ~t/ q}, for p G U. 

There is an open and dense subset C of M such that for every p G C one and only one 
of the following statements holds: 

(1) \p]u contains a neighborhood of p, for any open neighborhood U of p. 

(2) There exists an open neighborhood U of p and a proper submanifold S of U such 
that p G S and U is the union of parallel manifolds to S over a parallel flat 
sub-bundle v* of v{S) contained in Nu- Furthermore, the leaves of this parallel 
foliation are, locally, equivalent classes. 

Proof. We will keep the notations introduced in section 12.31 Assume first that M is a 
submanifold of the Euclidean space. Let C be the open and dense subset of M of points 
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p such that the index of nullity \i is constant around p. Let p £ C and let U be an open 
neighborhood of p such that there is a well defined spherical tube around U. We say that 
p is a generic point of C if p is in the image (via the radial projection) of an open subset 
of the spherical tube where the index of nullity of the tube is constant and the holonomy 
tubes H{x) have constan dimension (cf. section [273]) . It is not difficult to see that the set 
C of general points of C is open and dense in M. 

Let p £ C and assume condition (1) does not hold. Let U be an open neighboorhod of 
p, let iV be a spherical tube around U and let ir : V — > tt(V) be the radial projection. Let 
V be an open part of N with constant index of nullity such that p £ 7r(V). let VP be the 
radial normal vector field defined on V and consider the holonomy tubes 

H{x) = (JV 5 U (jB) 

(cf. section [273]) . which have constant dimension on V. 

Then, from Lemma 12.71 U is foliated (locally around p) by the submanifolds ir(H(x)), 
which from statemen (3) of Lemma 12.61 are parallel manifolds over the parallel and flat 
sub-bundle v* of vk{H{x)). 

We shall see that if q = tt(x), then 

(4) [q\u = tt(H(x)) (locally around q). 

If y £ H(x) near x, then there is a curve c in V joining x and y everywhere perpendicular 
to Eq = ker Aq,, where A is the shape operator of N. Set c(t) = n(c(t)) = c(t) + ty(c(t)). 
It is not hard to see that c is perpendicular to (tt)^(Eq). From the tube formula relating 
the shape operators of M and N (see [BCO03 ), one gets TV C (tt)^(Eq). Then c(t) 
is a horizontal curve (with respect to J\f) in U joining q and vr(y). We conclude that 
ir(H(x)) C [q]u (locally around q). 

The other inclusion follows from the fact that the distribution T~L* defined in Lemma 
12.71 is integrable and its integral manifolds are the sets tt(H(x)). In fact, if q' £ [q]jj there 
is a horizontal curve (with respect to Af) c(t) joining q and q' contained in U. But from 
lemma E3 ^* C M. Hence c'(t) _L v*{c(t)), that is, c'(t) £ (W*) c ( t ), for all t. Then q' is in 
the same integral manifold of H* than q, so £ ir(H(x)). 

Suppose now that M is a submanifold of the sphere. Consider the position vector field 
on S n given by r)(p) = —p. We can chose a real positive number 5 small enough such that 

M:= |J M £V 

-8<e<8 

is a well defined submanifold of R n + , where M er] is the parallel manifold to M defined by 
the parallel normal vector field erj. Observe that M £V is contained in the sphere §n_ e ) °f 
radius 1 — e. 

Denote by ir £ : M — > M £r] the usual parallel map (observe that ttq = Mm)- Let J\F be 
the nullity distribution of M. Then it is not difficult to see that 

A^ £ ( P ) = (dit £ ) p (N p ) ® R77(p) 
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Let U be an open set in M such that U := U PI M is open in M. Denote by [q]^ the set 
of points in M that can be joined to q by a curve perpendicular to M contained in U. If 
q G M 6?? , then [q]* C M er? and in particular if p G M, then \p]^j = \p]u, the set of point of 
M that can be joined to p by a curve perpendicular to M contained in U. The theorem for 
M then follows by applying to M the result for submanifolds of the Euclidean space. □ 

4. The Global Theorem 

If / : M —¥ M. n is an immersed submanifold, we say that M is irreducible if there is no 
non trivial, ^-invariant, autoparallel distribution T> on M such that T>^ is also autoparallel. 
This means that M can not be expressed, locally, as the product of submanifolds of the 
Euclidean space. If M is complete and simply connected, this is equivalent to the fact 
that / is not a product of immersions (see [BCO03J). If M is a submanifold of the sphere, 
we say that M is irreducible if it is irreducible as a submanifold of the Euclidean space. 

In this section we will prove Theorem [TJ 

Consider the fiber bundle pr : M — > M/M defined in section [2T2l We will denote, as in 
the previous sections, M r := pr _1 (r) for r G M/M. 

Lemma 4.1. For any r £ M/M , the restricted holonomy group <3?° acts either transitively 
or polarly on M r . 

Proof. We will keep the notations of Theorem 13.11 

Assume first that M is a submanifold of the Euclidean Space. In order to simplify the 
exposition, we will treat M as an embedded submanifold identifying i{M) with M. 

First of all, observe that if <3?^ acts transitively on M r for some r, then acts transitively 
on M s for each s G M/M. So let us assume that this action is not transitive. 

Let C be the open dense subset of M given by Theorem 13.11 If condition (1) holds for 
some p, then p can be joined by a horizontal curve with respect to M to any other point 
in an open neighborhood of p in M r (with r = pr(p)). Then it is not difficult to see that 
p can be joined to any other point of M r by a horizontal curve, and so the action of &® 
on M is transitive. Hence statement (2) on Theorem 13.11 must hold for every point of C. 

So let p G C and let U be the open neighborhood of p given by theorem 13.11 Set 
r = pr(p). We shall see that 

$r° C • Q = [q]u <~)M r (locally around q) 

We can assume (possibly by taking a smaller U) that <3?' oc = <I> (r, pr(U)). Then 
[q]u n M r C & r oc ■ q. 

Now fix a Riemannian metric on M/M and define a Riemannian metric on M such 
that the vertical and horizontal distributions defined by pr (i.e., M and its orthogonal 
complement) are orthogonal and pr is a Riemannian submersion. 

For a fixed 5 > let Ps be the subset of <3?' oc consisting of the parallel transport 
transformations determined by curves in pr(C7) of length less than 5. Then, following the 
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same ideas of [E094, Appendix] we obtain that P$ contains an open neighborhood U{r) 
of the identity in <& l ° c . We may take 5 small enough such that B$(q) (an open ball for 
the new metric) is contained in U. Then if c is a loop based at r of length less than 5, 
its horizontal lift is contained in U. So U{r) ■ q is an open neighborhood of q in $-. oc • q 
contained in [q]u- This proves the other inclusion. 

From statement (2) in Theorem 13.11 and Lemma 12.111 we conclude that the action of 
$[ oc on M T is polar. 

Let C := pr _1 (pr(C)). Then for every p G C, the local holonomy group ^pr(p) ac ^ s 
polarly on M pr fo\. The lemma now follows from Lemma 12.51 and Lemma 12.101 

For the case of a submanifold of the sphere, the proof follows in the same way. □ 

Proof of Theorem [7J Since we are working in the cathegory of immersed submanifolds, we 
may assume that M is simply connected (eventually by passing to the universal cover). 

For p £ M denote by [p] the set of points of M that can be joined to p by a curve 
horizontal with respect to M. Let V be the open and dense subset of principal points of 
M for the action of the restricted holonomy groups <&J?. Observe that V H M r is also open 
dense on each fiber M r . 

Assume first that M is a submanifold of the Euclidean space. If p G V and r = 
pr(p), since the action of <&J? is polar by Lemma l4.lt then • p is a complete embedded 
isoparametric submanifold of the Euclidean space M r . Therefore 

$° r -p = E (p)xS(p) 

where Eq is the nullity subspace of <3?° • p at p and S(p) is a compact isoparametric 
submanifold of a sphere (see [PT88j or [BCO031 Theor. 5.2.11]). 

Let T>(p) be the nullity subspace of [p] at p, regarding [p] as a submanifold of M (and 
not of R n+k ). Set U p := M p C T p M. We shall see that 

V(p) = n p (BE (p). 

Fix p G V, r = pr(p) and let £ p G v p (Q® ■ p) C M p . If q G [p] and c is a curve in M/M 
such that q = r^(p), set £(g) := (dT^) p (^ p ). Since $J'j)C M r is a principal orbit, £ is a 
well defined normal vector field to [p] . Moreover, since the action is polar, £ is parallel in 
the directions of the orbits of the holonomy groups (cf. [HOT91] or [BCO03, Cor. 3.2.5]). 
It is also parallel in the directions of % = M . In fact, let o~(t) be any horizontal curve 
contained in [p]. Set p' = c(0), p" = p' + ^(cr(0)). Observe that the horizontal spaces 
% are constant along any fiber of pr : M — > M/M (since we move along the nullity of 
M). If 6(t) is the horizontal lift of pr(cr) through p" , then it is not difficult to see that 
£(o~(t)) = 5(t) — o~(t) and so = S'(t) — o~'(t), which is horizontal and, in particular, 

tangent to [p\. So £ is parallel with respect to the normal connection of [p]. 

This also proves that [p + £ p ] is the parallel (possibly focal) manifold [p]g to [p]. 
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Let q = p + £ p and so T-L q and Ti p coincide (as subspaces of M n+fc ). Since they are both 
isomorphic to T pr ^M/J\f via dpr, one has the isomorphism 

tp := dpr' 1 o (dpr p )\ np : U v -)• U q ~ "Hp. 

Let X G T pr ( p )M/A/' and c(t) a curve in M/Af such that c(0) = pr(p) and c'(0) = X. Let 
<r(i) and /3(t) be the horizontal lifts of c through p and q respectively. We have seen that 
/3(t) = *(*)+ So 

/3'(0) = a'(0) + j t H(v{t)) = (Id - 4>'(0) 

where is the shape operator of [p] as a submanifold of M (which coincides with the 
shape operator as a submanifold of M n+fc ). 

Hence (p = (Id — A^ p ) is an isomorphism from T~L p to 7i q ~ T-L p for each £ p G v p (^ ■ p). 
Suppose now that there exists a normal vector £ p to the orbit -p such that ^4§ p |-h p 7^ 0. 
Then there is an eigenvector v G associated to a real eigenvalue A 7^ of A Then 
(Id — m)v = 0, which can not occur. So T~L P is contained in the nullity subspace of [p] 
at p. We conclude that T>(p) = Eq(p) © % p as we wanted to show. 

Recall that P(p) is defined only on the dense subset V. 

Now observe that since any two maximal dimensional orbits on the same fiber M r are 
parallel manifolds, they have the same extrinsic Euclidean factor (regarded as submanifolds 
of M r ). Therefore, the subspaces E${p) can be all identified on Vf)M r for every fiber M r . 
We can hence extend the distribution Eq to the hole M r define Eo(q) for q G M r as the 
common subspace Eo(p) for any p G M r n V. If p and q are in different integral manifolds, 
then there is a point q' G M pT i q \ such that $° • q' is the parallel translated of 3>J? • p 
(along an appropriate curve in M/Af) and is therefore isometric to it. So dim(Eo(q)) = 
dim(Eo(q')) = dim(Eo(p)) and V is a well defined differential distribution on M. 

We will prove that T> and V 1 - are autoparallel and invariant under the shape operators 
A of M. 

Observe that P _L (p) in M is the orthogonal complement of E$(p) in M pr ( p ) and so V 1 - is 
an autoparallel distribution on M, which is parallel when restricted to any fiber M r . Since 
H is ^-invariant and ^4|£ — 0) we get that T> is A-invariant. Denote by z/ M [p] and by 
u R n+k |jpj norma i bundles of [p] as a submanifold of M or W n+k respectively. Since [p] is 
^-invariant, then z^ M [p] is a parallel sub-bundle of z^ K " +fc [p]. From Codazzi equation, the 
distribution T> (which is the nullity of [p] associated to a parallel sub-bundle of ^ R " +fe [p]) 
is autoparallel in V. Since V is dense in M, we get that V is autoparallel. 

Since M is irreducible, must be trivial. So any orbit $° ■ p coincides with the whole 
integral manifold M pr r p y 

Assume now that M is a submanifold of the sphere §> n+k . As in the proof of Theorem 
13.11 let rj{p) = —p be the position normal vector field and set N := U-<s<e<<5 Mr??- 

If r G M/Af, let L r := T p M r © Mr/ P . L p is the smallest linear subspace of that 
contains the sphere M r . 
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Let p G V, where V is as in the Euclidean case. Suppose there exists a normal vector 

/ £ p G v p \p], where z/ p [p] is the normal space of [p] as a submanifold of M. Then 

€ £ pr (p) is normal to the isoparametric orbit <3?° • p. We can extend £ p to a normal 
parallel vector field £ to [p] (as in the Euclidean case). 

Consider in ]]£ n + fe + 1 the parallel manifold [p] := [p]^ and then consider the projection 
\p\xrj °f this submanifold to the sphere, where A ^ 1 is a suitable real number. Then [p] 
and \p\x v are parallel manifolds on the sphere S n+fc . Let 7T£ : [p] — > [p] and 7Ta^ : [p] — >• [p]^ 
be the corresponding focal maps. Then tt\ v o n^(p) G M pr /p). 

Observe that the orthogonal complement W p to A/" p in T p M is constant along M pr ( p ) . 
In fact, if we consider the nullity J\f of N, then H is also the horizontal space associated 
to 77 and therefore constant along £ pr ( P )- 

Then it is not difficult to see that the isomorphism dpr^ 1 o <ipr p from T~L P to % q ~ H p 
is given by c^r;^ o (icZ — Ag)^ , where ^4 is the shape operator of [p]. In the same way as 
in the Euclidean case, we conclude that ^\u P = 0- 

Let T>{p) be the nullity subspace of [p] at p as a submanifold of M. Then T~L P C T>(p). 
Since the orbits of &® through points in V are isoparametric submanifolds of a sphere we 
may assume that they have no nullity in the sphere (eventually by passing to a nearby 
parallel orbit). 

Then H\v = P is an autoparallel distribution on V, and since V is dense, % is autopar- 
allel in M. Since M is irreducible, and both % and N are non trivial, the normal space 
to any orbit ^° pr ^ ■ V is trivial, or equivalently the orbit coincides with M r . □ 

Remark 4.2. It is possible to show with a simple example, that the global theorem is 
false for submanifolds of the hyperbolic space. We will construct a 2-dimensional 1 — 1 
immersed complete submanifold of the hyperbolic space H 3 with constant index of nullity 

1 (and such that the perpendicular distribution to the nullity is hence integrable). This 
submanifold is given as a union of orbits of points in a geodesic by a 1-parameter subgroup 
of isometries. 

Regard H 3 as the connected component through = (0, 0, 0, 1) of {x G L 4 : (x, x) = —1} 
where L 4 is the space M 4 with the Lorentz metric (x, y) = x±yi + X2V2 + x^y^ — x^y^. Let a 
be the geodesic trough in H 3 such that cr'(0) = v, that is, a(s) = smh(s)v + cosh(s)e4, 
and let w G T e4 H 3 such that w _L v. Consider a matrix B G so (3) such that Bv = and 

Bw 7^ 0, and such that A = \ . w \ verifies A 3 = (it is not difficult to see that it 

\w t J y 

is always possible). Observe that A G S0i(4), the Lie algebra of the group of isometries of 

H 3 . Let X be the Killing vector field on H 3 defined by A and let {ipt} the one parameter 

subgroup associated to it. Define the function 

/ : R 2 -> M 3 / (t, s) ' y f(t, s) = <p t (a(s)) = e tA a(s). 

Then it is not hard to see that / is a 1 — 1 immersion. Let M = f(M. 2 ) C H 3 . Then it is 
not difficult to prove that 
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i) The nullity subspace of M at p = f(s,t) is generated by the tangent vector 
(d(pt) a ( s \a'(s). Therefore M has constant index of nullity 1. 

ii) If M were an extrinsic product in the Lorentz space L 4 , it would have constant 
sectional curvature equal to 0. But since it is a surface in H 3 with nullity, it has 
constant curvature —1. Therefore M is irreducible. 

iii) Since A 3 = 0, (p t = e tA = I + tA + yA 2 . Then it is not difficult to show that any 
Cauchy sequence on M is convergent, and therefore M is complete 

This procedure can be generalized to higher dimensions, by asking further properties to 
the matrix A. 

Acknowledgement: This work is part of the author's Ph.D. thesis, written in FCEIA, 
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